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A relativistic approach is employed to compute the differential and integrated cross sections, spin.
polarization P, and the spin-polarization parameters T and U for the scattering of electrons from zinc
and lead atoms in the energy range 2.0-200 eVe The projectile-target interaction is represented both by
real and complex optical potentials in the solution of the Dirac equation for scattered electrons. We
compare our results for spin-polarization P with recent experiment and available theoretical calcula-
tions.
PACS numberts): 34.80.Bm, 34.80.Nz
I. INTRODUCfION
It is well known that for the elastic scattering of slow
unpolarized electrons from heavier atoms, spin-orbit
effects can produce detectable changes in the spin polar-
ization of the scattered electrons. This process is often
referred to as Mott scattering. Recent progress both in
measurement techniques and in the availability of
efficient sources of polarized electrons has led to consid-
erable interest in such experiments. It is now possible to
perform experiments in which a complete set of spin-
polarization parameters can be measured. Such measure-
ments thus provide direct information about spin-orbit
(I·s) interaction, a weak interaction which is generally
masked by the much stronger Coulomb interaction. The
measurements of all the polarization parameters in
electron- heavy-atom collision from low to intermediate
impact energies have been reported by a number of
groups. Measurements up to the year 1990 have been re-
viewed by Kessler [1]; older work can be traced through
the review article of Hanne [2]. Mott [3] was the first to
investigate the spin polarization of electrons scattered by
a central potential using a relativistic treatment based on
Dirac theory. Recent laboratory measurements have led
to further studies of the spin-dependent electron-
scattering processes. Among the many early theoretical
calculations, the work of Walker (4]; Sin Fai Lam [5];
Awe et al. [6]; Fritsche, Noffke, and Gollisch [7]; and
Kemper, Rosicky, and Feder [8] are worth mentioning.
Recently, McEachran and Stauffer [9], Hasenburg et al.
[10], Nahar and Wadehra [11], and Nahar [12] calculated
a complete set of polarization parameters for a number of
heavier atoms using a relativistic approximation. In ad-
dition, Haberland and Fritsche [13], Bartschat [14], and
Bartschat, Goerss, and Nordbeck [15] have also reported
calculations for spin-dependent scattering processes using
more sophisticated approaches such as the generalized
Kohn-Sham (OKS) method and a static exchange R-
matrix theory, respectively.
In addition to the pure spin-orbit interaction effect, po-
larization of the scattered electron can also occur due to
the interplay between the spin-orbit splitting of atomic
fine-structure states, referred to as fine-structure effects.
In elastic scattering from a closed-shell configuration,
only Mott scattering need be considered, but for open-
shell systems, the fine-structure effect also becomes im-
portant. Recently, Bartsch et al. [16] have examined in
detail the role of different spin-dependent interactions.
McEachran and Stauffer [9] and Nahar and Wadhera
[11] both solved the relativistic form of the Schrodinger
equation. In the former case, the static and relativistic
potentials for atoms were obtained from relativistic
Hartree-Fock wave functions; the polarization potentials
from a nonrelativistic polarized orbital method and ex-
change were included exactly through the large com-
ponent of the scattered wave function, while in the latter
case the projectile-target interaction V (r) is represented
by both a real and a complex model potential. The real
part of the interaction accounts only for the pure elastic
scattering and is used to calculate the elastic-scattering
cross sections and spin-polarization parameters. Further,
these scattering parameters, along with total ..scattering
cross sections can also be obtained using the complex
model potential. In this case, a model absorption poten-
tial Vabs(r) is taken as the imaginary part of a total in-
teraction that includes both elastic- and inelastic-
scattering processes.
Following Nahar and Wadehra [11], we have calculat-
ed spin-polarization parameters, differential cross sec-
tions (DeS), and integrated elastic, momentum-transfer,
and total cross sections for the scattering of electrons
from zinc and lead atoms using both real and complex
potentials within the framework of the relativistic Dirac
equation. Recently, Bartsch et al. [16] have reported ex-
perimental measurements on asymmetry functions for the
elastic scattering of polarized electrons from zinc, cadmi-
um, and indium atoms at low energy. In Sec. II we re-
view briefly the theoretical methodology and the details
of our approach. In Sec. III we present our results and
compare them with existing experimental and available
theoretical calculations.
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and
B. Cross section and spin-polarization parameters
The generalized scattering amplitude for the collision
process is given as [17]
(8)A =!(K,i))+g(K,tJ)q·i ,
can be obtained from the values of the radial wave func-
tion g/± at the two adjacent points rand r +h (h «r) at
very large r as
+ (r +h)g,±(r)j/[K(r +h)]-rg/±(r+hlj/(Kr)
tanSi =:::- -----------------
rg/±(r +h)"1/(Kr)-(r +h)g/±(r)'t1/[K(r +h)] ·
(7)
In the present calculation, the wave functions g,± are ob-
tained by numerical integration of Eq, (2) using
Numerov's method. In the present work, a large number
of phase shifts are evaluated. For example, the typical
values of I corresponding to the impact energies 2.0 and
200 eV are 15 and 50, respectively.
where f (K, tJ) and g (K, iJ) are direct and spin-flip
scattering amplitudes and are given as
f(K,tJ)= 2~K .i [(1 + 1)(e 2i5t -1)
I /=0
2il)-
+/(e I -1 )]P/ cos(~) (9)
(1)
II. THEORY
A. Theoretical methodology
The Dirac equation for a projectile of rest mass m 0
traveling in a central field Y( r) at a velocity v is given by
where E=rnorc2=E;+moc2 is the total energy,
y=( l-u 2/C 2 ) - 1/ 2, and E; is the kinetic energy of the in-
cident particle. a and (3 are the usual 4 X 4 Dirac ma-
trices. The spinor t/J has the four components and
1fJ= (tP), 1fJ2;tP3' tP4), where (1/1 1' tP2) are "large" components
and (t/J3'1/14) are "small" components of.,p. For a central
potential, the Dirac equation can be reduced to a set of
two equations [11],
er:+ [K 2-/( / + 1 )/r 2 - U/:t(r) ]g/±(r}=Q , (2)
where g/± is related to the radial part G[± of the large
component of t/J as
_ g/ [E - V(r)+moc 2 ]
G/= V 1J7 ' ",= eft
2_ (E2-m~c4)
K - 2 2 .lie
The u/± are the effective Dirac potentials and are given in
atomic units (m0 = e ="=1, lie =a, where a is the fine-
structure constant) as
- U,+(r)= -2yV+a2V2_l iit +l..!C.. + (/+ 1) !L
4 "12 2 11 r",
(3)
and
_ 3 ( ,)2 1 " I '
-V, (r)=-2yV+a2y 2_ - l!L.C + - .!L - _ 2L .
4",2 2 'TJ r »
(4)
1 00 2;[,+ 2;[,-
g(K,tJ)= 2K ~ (e I -e I sp] cos(Q) (10)
/=0
and n is a unit vector perpendicular to the scattering
plane. PI and p/ are regular and associated Legendre po-
lynomials, respectively. The elastic differential cross sec-
tion for the scattering of the unpolarized incident beam is
given by
(11)
(5)
(14)
(13)
(12)P(iJ)= ([g*+gf*)6. =P(tJ)n1/12+ Igl 2 '
where P( tJ) is the Sherman function, and two other spin-
polarization parameters T and U,
T(tJ)= If12-lg1 2
If12+lg1 2 '
_ .fg*-gf*
U(O)-l 1/1 2+ Igl 2 •
In the case of elastic scattering, the spin asymmetry func-
tion is identical to the Sherman function P( {J).
c. The interaction potential
and the polarization produced in the unpolarized incident
beam due to the scattering is given by
Here, single and double primes denote the first and
second derivatives with respect to r, respectively. It
should be noted that the last term of U/± in Eqs, (3) and
(4) corresponds to the two eigenvalues of the well-known
spin-orbit interaction, one due to spin up and other due
to spin down:
1 IdV(r)q.L
4rn5c2 r dr ·
In the nonrelativistic treatment of the Schrodinger equa-
tion, the above term is treated as a small perturbative
term along with projectile-target interaction. Here, o is
related to spin S as o = 2S and the value of (CT· L) equals
1for j = I + t and - (1+ 1) for j = 1- t. The proper solu-
tion of Eq. (2)behaves asymptotically as
g,±(K,r)~.Kr[jl(Kr)-tan(of)11/(Kr)], r-+ 00 (6)
where il and 111 are the spherical Bessel functions of the
first and second kind, respectively. The phase shifts Sf
The total interaction between the projectile and the
target atom is represented by a model potential. At the
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(17)
impact energies, above the first ionization threshold, this
potential is complex and is written as
(15)
where VR ( r) is the real part of the total interaction po-
tential V (z), is represented by three local real terms,
namely, the static (due to direct Coulomb interaction of
all the charged particle involved), exchange (arising due
to the Pauli exclusion principle), the polarization (taking
into account the distortion of the target charge cloud in
the presence of an incoming electron field). Vabs(r) is the
absorption potential. Its inclusion parametrizes inelastic
processes such as excitation, ionization, recombination,
etc. The static potential of the target atom is obtained by
averaging over the motion of the target electrons and is
given as
Zee
V (r)=--P
S r
-eep~~~Nnlmflcf>nlm(r')12-1~ r":
n I m r r
(16)
where Z is the nuclear charge of the target atom. ep is
the projectile charge and Nn1m is the occupancy number
of the orbit (n, l.m). The radial part rp(r) of the spatial
orbital
qJnlm ( r) =q;nl(r )Y1m('r)
is expanded in terms of Slater-type orbitals given in the
tables of Clementi and Roetti [18] and McLean and
McLean [19]. Vp(r) in Eq. (17) is the parameter-free po-
larization potential and is taken from the paper of
O'Connell and Lane [20]. It has two components, the
short-range [VSR (r)] part and the long-range [VLR (,) ]
part and is given by
{
VsR(r ) for r-cr;
Vp(r)= VLR (r) for r? rc •
Here, rc is the point where two forms cross each other for
the first time. The crossing points, i.e., rc for zinc and
lead atoms, occur at 11.5 and 14.0 a.u., respectively. The
short-range form for the electron scattering based on the
free-electron gas exchange potential is
l
o.0622 1nr" -0.096+0.018rs lnr, -0.02r", rs ~O. 7
VSR(r)= -0. 1231+0.0379610r", O.7<r,,~IO
-0.876',,-1 +2.65',,-3/2-2. 8rs- 2-0. 8rs- 5/ 2, 10~ r,
where 's = [3/41Tp(r) ]1/3, pir) is the electron charge den-
sity of a target atom which for a spherically symmetric
atom is given by
III. RESULTS AND DISCUSSION
A. Electron scattering from a zinc atom
(18)
where N nl is the occupancy number of the orbital in.I),
All the terms of the total interaction potential can be gen-
erated using the target charge density pir). The long-
range form of the polarization potential is given by
VLR(r)=-ad/2r4, where ad is the static electric dipole
polarizability. For present calculations, the value of ad is
taken [21] as 47.91 a.u, for zinc and 45.89 a.u. for lead.
The exchange potential is taken to be modified semiclassi-
cally as given by Gianturco and Scialla [22] and the ab-
sorption potential is included via the semiempirical mod-
el absorption potential of Staszewski, Schwenke, and
Truhlar [23]. We avoid repeating their expression here.
The impact energy considered in the present study ranges
from 2.0 to 200 eV for both the zinc and the lead atom.
The first inelastic threshold [24] for zinc and lead is at
4.01 and 4.64 eV, while their ionization thresholds are at
9.39 and 7.42 eV, respectively.
The calculated differential cross section in the energy
range 2.0 to 200 eV is shown in Fig. I. In these figures
the solid curve corresponds to the DeS value obtained by
using the real potential (RP) as the total projectile-target
interaction, and the dashed curve corresponds to those
obtained with the complex potential (CP) as the interac-
tion. At low energy, there is no difference between the
results obtained using either the real or the complex po-
tential, but at higher impact energies there is a small
difference between the two calculated values, especially at
those scattering angles where the DeS exhibit minima
and maxima in the curve. This feature is expected since
at low energies the scattering is mainly elastic and there
is almost no effect of the absorption on the Des values,
whereas at higher impact energies there is reduction in
the DeS values-in particular, the structure of dips and
humps (both in magnitude and width) changes when the
absorption effects are switched on. In the Table I we
present our phase shift as a function of K for the first four
partial waves I =0 to 3. These values of K correspond to
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energies for which experimental spin-polarization mea-
surements for zinc are available. For higher partial
waves (not shown here), the splitting between the spin-up
and spin-down phase shifts is negligible.
Figure (2) shows the spin polarization P( iJ) for zinc
along with experimental points and the calculated values
of McEachran and Stauffer (MS) [25]. Like DeS figures,
here, also, all the solid curves correspond to values ob-
tained using the RP and the dashed curves to values ob-
tained using the CP in the Dirac equation. The present
results show good agreement with the experimental data
of Bartsch et al. [16] and also with the MS calculation in
the low-energy region (2-4 eV), i.e., before the onset of
the inelastic threshold, while beyond this elastic region,
our results show less satisfactory agreement with experi-
ment. Further, we observe that the inclusion of the ab-
sorption potential in the interaction causes the minima to
go deeper and the maxima to peak in general, but this
feature is seen more clearly at higher impact energies (see
Fig. 2). The two sets of calculations, i.e., MS and the
present one, exhibit maxima and minima that are similar
at about the same scattering angle, but different in magni-
tude. This difference indicates that the cross section and,
consequently, the polarization parameters are sensitive to
the choice of the interaction potential. As no measured
values of T and U parameters are available, we have
displayed, for the sake of completeness, the angular vari-
ation of parameters U and T in Fig. 3 at a few selected
10'
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FIG. 1. Differential cross section in (a ~ sr- I ) for electron
scattering from zinc at (a) 2.0, (b) 4.0, (c) 5.0, (d) 9.0, (e) 14.0, (0
50.0, (g) 100, and (h) 200 eV. Present calculations: --, with
real potential; - - -, with complex potential.
TABLE I. Phase shifts (rad) with real potential of the first four partial waves for the elastic scatter-
ing of an electron from a zinc atom.
K Sci 8t fJ{ 8;-
(a.u.) 80- Si-- 62 6;
0.3834 -1.2725 -1.3816 0.5851 0.1942
-1.0482 -1.2835 0.5883 0.1942
0.4695 -0.2635 - 2.1383 0.7013 0.2820
-2.0156 -2.1383 0.7063 0.2820
0.5422 -1.1213 0.1656 0.7605 0.3395
-1.0617 -2.9503 0.7676 0.3395
0.6062 1.5954 -2.4457 0.7930 0.3804
-0.6694 -1.5544 0.8013 0.3804
0.8133 1.6153 0.6070 0.8040 0.48402.0468 2.6265 0.8150 0.4840
1.0144 0.7077 2.3568 0.7368 0.56680.8668 2.5855 0.7483 0.5668
1.4850 ~O.1081 0.7849 0.5658 0.7294
-0.0109 0.8391 0.5764 0.7294
1.9171 -0.7034 0.2956 0.4276 0.9260
-0.5682 0.3323 0.4370 0.9262
2.7113 -0.9923 -0.2827 0.2288 0.1477
-2.8794 -0.2460 0.2370 0.1478
3.3207 1.2679 -0.7209 0.1071 0.22130.1992 -0.6695 0.1148 0.2217
3.8345 1.7543 -1.2057 0.0176 0.11572.2368 -1.1233 0.0252 0.1258
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FIG. 4. Differential cross sections in (a3 sr-l) for electron
scattering from lead at (a) 6.0. (b) 9.0, (c) 12.5, (d) 17.0, (e) 24.0,
(f) SO.O, (g) 100.0, and (h) 180.0 eV. Present calculations:
with real potential; - - -. with complex potential.
energies. The parameter U shows features similar to the
spin-polarization P curve.
B. Electron scattering from a lead atom
10
We have calculated the DeS, the spin polarization P,
and the spin-polarization parameters T and U for elec-
tron scattering from lead similarly to the manner in
which we have calculated them for the zinc atom having
a closed-shell configuration. The present model is cer-
tainly a poorer approximation for an open-shell
configuration like lead because it does not include the
fine-structure effect. Figure 4 shows our DeS at collision
energies between 2.0 and 200 eVe Here again, we display
our results for both real and complex potentials. It is
seen that the present model predicts the forward peaking,
a number of minima and maxima at middle angles, and
an enhanced backward slope. The influence of the ab-
sorption potential is seen only at higher impact energies.
Its inclusion reduces the DeS both in magnitude and in
width near the structure. Similar features were also ob-
served for the case of a zinc atom. Phase shifts of the
four lowest partial waves (l =0 to 3) for various impact
FIG. 2. Spin-polarization parameter P for electrons scattered
from zinc at (a) 2.0, (b) 3.0, (c) 4.0, (d) S.O, (e) 9.0, and (f) 14.0 eVe
Present calculations: --, with real potential; - - -, with
complex potential; · . . " calculation of McEachran and
Stauffer (Ref. [25]);••e, experimental results (Ref. [16]).
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TABLE II. Phase shifts (rad) with real potential of the first four partial waves for the elastic scatter-
ing of an electron from a lead atom.
K 6t 6t oi 8;-
(a.u.) 60 6[ 62" 6)
0.3834 -1.4374 -2.3863 0.5105 0.1827
-2.5865 0.9494 0.5699 0.1827
0.6641 1.3105 1.0206 0.5303 0.5164
1.8272 -0.3032 0.6369 0.5164
0.8133 0.6326 3.1783 0.4511 0.66160.8637 -2.5203 0.5622 0.6619
0.8991 0.3990 2.1747 0.3978 0.75730.5811 1.4632 0.5067 0.7580
0.9585 0.2644 2.7616 0.3597 0.83070.4279 2.3533 0.4666 0.8320
1.0144 0.1499 1.4756 0.3243 0.90270.3028 3.7333 0.4299 0.9091
1.1117 0.0436 1.0986 2.6171 1.07680.1013 2.3114 0.3637 1.0825
1.3282 -0.4204 0.6185 1.3827 1.6464
-0.2589 1.2195 0.2348 1.6639
1.9171 -2.6626 -0.1167 -0.2118 0.0462
-1.8129 0.2205 -0.1205 1.8147
2.7113 1.8658 -1.1356 -0.7685 -0.50942.7707 -0.5615 -0.6417 -0.1494
3.3207 0.6053 0.7256 -1.4555 -2.98520.8257 -1.4892 -1.2234 -2.7200
3.6377 0.3046 -1.8166 -2.0736 -3.00530.4727 -2.5648 -1.6982 -2.7372
3.8345 0.2057 2.7428 -2.2384 -2.41800.3629 -3.2610 -1.8215 -2.23S7
energies of electrons are presented in Table II.
Figure 5 shows our angular distribution of the spin po-
larization P in the energy range 6.0- 180 eV. The solid
and dashed curves show our results with real and com-
plex potentials, respectively. We also displayed on the
curve the experimental results of Kaussen et al. [26]
along with the theoretical calculation of Haberland and
Fritsche [13] using a GKS approach and the R-matrix
calculations of Bartschat [27]. The Bartschat calculation
includes Mott scattering and the fine-structure effect.
The results of this calculation are available at only two
energies, i.e., 6.0 and 9.0 eV. The agreement between the
TABLE III. Calculated values of the integrated elastic (a el), total (a I)' and momentum-transfer
(a m ) cross sections (in units of a 5) for the elastic scattering of an electron from a zinc atom. RP corre-
sponds to the use of a real potential, CP to the use of a complex potential.
E ad O'm
(eV) RP CP a, RP CP
2.0 354.07 354.07 354.07 203.35 203.35
3.0 322.39 322.89 322.89 137.00 137.00
4.0 284.09 284.09 284.09 96.25 96.25
5.0 149.24 149.24 149.24 70.66 74.66
9.0 157.92 157.92 157.92 28.15 18.15
14.0 103.97 103.80 104.17 13.74 13.72
30.0 50.34 49.32 52.34 5.40 5.23
50.0 34.89 33.50 37.58 5.20 4.25
100.0 25.26 23.72 27.74 6.14 5.24
150.0 21.38 19.91 23.38 5.70 5.08
200.0 18.65 17.40 20.48 5.55 4.62
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FIG. 6. The spin-polarization parameters T and U for elec-
trons scattered from lead with real and complex potentials at (a)
6.0. (b) 12.S, (c) 17.0, (d) 24.0, (e) 6.0, (f) 12.5, (g) 17.0, and (h)
24.0eV.
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FIG. 5. Spin polarization P for electrons scattered from lead
at (a) 6.0, (b) 9.0, (c) 11.0, (d) 12.5, (e) 14.0, (0 17.0, (g) 24.0, and
(h) 180.0 eV. Present calculations: --, with real potential;
- - -, with complex potential; · · · ., calculation of Haber-
land and Fritsche (Ref. [13]); -. -. -., calculation of Bartschat
(Ref. [27]); •••, experimental results (Ref. [26]).
present calculation and experimental results is by and
large quite satisfactory at most of the energies. The re-
sults of Haberland and Fritsche [13] are similar to our re-
sults, but the magnitudes of the maxima and minima are
different. In general, the structure of the polarization
curve at all energies is better reproduced by the calcula-
tion of Haberland and Fritsche. At higher impact ener-
gies, present calculations agree well with the results of
Haberland and Fritsche. On the other hand, the calcula-
tions of Bartschat at 6 and 9 eV show considerable varia-
tions in magnitude compared with our results and those
of Haberland and Fritsche and measured values. No ex-
perimental values of U and T parameters are available
presently, and, therefore, their angular variations are
presented only at a few selected energies in Fig. 6.
TABLE IV. Calculated values of the integrated elastic (ae1), total (a t), and momentum-transfer
(a m ) cross sections (in units of a~) for the elastic scattering of an electron from a lead atom. RP corre-
sponds to tbe use of a real potential, CP to the use of a complex potential.
E ael at 0",
(eV) RP CP (a~) RP CP
2.0 384.58 384.S8 384.58 206.30 206.30
6.0 202.44 202.44 202.44 65.23 65.23
9.0 149.58 149.57 149.62 42.72 42.72
11.0 129.30 129.13 129.57 36.35 36.28
12.5 118.35 117.97 118.91 33.58 33.39
14.0 109.95 109.32 110.68 29.23 29.00
17.0 98.20 97.03 99.82 31.73 31.24
24.0 83:99 81.73 86.88 29.72 28.05
SO.O 54.22 60.57 58.51 23.32 19.38
100.0 52.19 47.78 55.10 9.23 7.52
150.0 45.42 41.35 47.70 5.36 4.26
180.0 41.81 38.03 43.87 4.50 3.54
200.0 39.64 35.95 41.52 4.40 3.30
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c. Elastic- and total-scattering cross sections
The values of the present integrated elastic, total, and
momentum-transfer cross sections for zinc and lead
atoms are compiled in Tables III and IV. The elastic
cross sections are obtained using both real and complex
potentials. It is seen that the elastic cross sections with
real potentials are larger than those obtained with com-
plex potentials at all energies. This is not unexpected be-
cause the inclusion of absorption interaction reduces the
DeS and, consequently, the elastic cross sections. The
total cross sections and momentum-transfer cross sec-
tions are also presented in Tables III and IV. It is ob-
served that total cross section descends rapidly from a
few eV to 50.0 eV and thereafter slowly with increasing
impact energies. The momentum-transfer cross sections
obtained using both real and complex potentials show a
minima at 50.0 eV for zinc and at 14.0 eV fOT lead. The
calculated values with real potentials are higher than
those obtained with complex potentials. Again, the
reduction in the momentum-transfer cross sections is due
to the inclusion of absorption effect.
IV. CONCLUSIONS
We have presented the results of our relativistic, total-
scattering, momentum-transfer cross sections, DeS and
the angular distribution of spin polarization P, and spin-
polarization parameters T and U for electrons scattered
from zinc and lead atoms. We compared our theoretical
calculations with the experimental spin-polarization data.
We showed that the present relativistic model is capable
of explaining the features of the electron spin polarization
when compared with the measured values of the asym-
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